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Abstract
The binding energy of shallow hydrogenic impurities in a spherical quantum dot
under isotropic hydrostatic pressure is calculated using a variational approach
within the effective mass approximation. The binding energy is computed as a
function of hydrostatic pressure, dot size and impurity position. The results
show that the impurity binding energy increases with the pressure for any
position of the impurity. Also, we have found that the binding energy depends
on the location of the impurity and the pressure effects are less pronounced for
impurities on the edge.

1. Introduction

Low dimensional systems have been studied intensively in the last decades [1]. Examples of
these systems are single and multiple quantum wells, superlattices, quantum wires and quantum
dots. Some of these elements are part of several current electronic devices [2]. The optical and
transport properties of semiconductors are sensitive to impurities, external fields and stress;
therefore, it is important to consider these aspects in heterostructures. The pioneering work by
Bastard [3] on the binding energy of a donor hydrogenic impurity in a quantum well has been
extended to quantum well wires and quantum dots [4–6, 8].

Perez-Merchancano et al [5] and Zhu et al [7] made the first study of the confinement
effects on the impurity states (donor and acceptor) in quantum dots. They calculated the binding
energies for the ground and excited states as a function of dot size and impurity position. The
more realistic zero dimensional quantum heterostructure (cubic dot) was studied by Ribeiro
and Latgé [9]. They found that the values of donor binding energies for cubic and spherical
quantum dots are very close, provided that the dots have similar volumes.

Diverse experimental techniques allow the fabrication of quantum dots. Using the
masked implantation enhanced intermixing technique, and the dry etching technique with
subsequent overgrowth, Schweizer et al [10] have realized rectangular transversal section
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GaAs–(Ga, Al)As quantum well wires and quantum dots. Also spherical colloidal mono-
crystals of CdTe has been made [11].

In recent years, the hydrostatic pressure effect on band structure of bulk material and low
dimensional systems has been considered both theoretically and experimentally. In particular,
when the hydrostatic pressure is applied to either bulk GaAs or Inx Ga1−x As alloy, a crossing
of two or more of the conduction band electronic levels occurs. The �-point conduction
band minimum increases relative to the valence band maximum with increasing pressure.
Simultaneously, the X-point energy level decreases. At a crossover pressure PC , the � and
X levels cross and the material goes from being k space direct to indirect. This is referred to
as the �–X crossover [12, 13]. Elabsy [14] has calculated the effect of hydrostatic pressure
on the binding energy of donor impurities in quantum well heterostructures, and found that
the binding energy increases with increasing external hydrostatic pressure for a given quantum
well thickness and temperature.

Photoluminescence studies of self-organized InAlAs/AlGaAs quantum dots under pressure
were carried out by Phillips et al [15]. The effect of hydrostatic pressure on the optical
transitions in self-assembled InAs/GaAs quantum dots was studied by Duque et al [16]. Oyoko
et al [17] studied donor impurities in a parallelepiped-shaped GaAs–(Ga, Al)As quantum dot
and they found that the donor binding energy increases with increasing uniaxial stress and
decreasing sizes of the quantum dot. On the other hand, donor impurities in a spherical
quantum dot with parabolic confinement potential under hydrostatic pressure were considered
by Gerardin Jayam and Navaneethakrishnan [18] and they found that the hydrostatic pressure
increases the donor ionization energy such that the variation is larger for a smaller dot.

In the present work, we investigate the effects of hydrostatic pressure on the binding
energies of off-centre shallow donor impurities in a spherical quantum dot, using the variational
method within the effective mass approximation.

2. Theory

In the effective mass approximation, the Hamiltonian of a hydrogenic shallow-donor impurity
in a spherical quantum dot of GaAs–(Ga, Al)As, under the influence of hydrostatic pressure
within, is given by

H = P2

2m∗(P)
− e2

ε(P)|r − r0| + V (r, P) (1)

where m∗(P), ε(P) and V (r, P) are the effective mass of an electron, the static dielectric
constant and the confining potential respectively. Note that the above quantities depend
explicitly on the hydrostatic pressure. In the Hamiltonian (1), r0 denotes the impurity position
inside a dot of radius R = R(P), which also depends on the hydrostatic pressure. The
confinement potential V (r, P) in the Hamiltonian (1) is given by

V (r, P) =
{

0 r � R(P)

V0(P) r � R(P).
(2)

The boundary conditions on the wavefunctions are that ψ(r) and its first normal derivative are
continuous at the potential boundary. The eigenfunctions of the Hamiltonian (1) in the absence
of the impurity are

ψ10(r) =

⎧⎪⎨
⎪⎩

N0
sin(ζ10r)

r
, r � R(P)

N0
sin(ζ10r)

r
eχ10(R−r), r � R(P)

(3)
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with

ζ10 =
[

2m∗(P)E10

h̄2

]1/2

, (4)

and

χ10 =
[

2m∗(P) (V0(P)− E10)

h̄2

]1/2

, (5)

where E10 is the energy of the ground state given by the transcendental equation

−
(

V0(P)

E10
− 1

)−1/2

= tan(ζ10 R(P)). (6)

Equation (3) is the wavefunction of a particle confined in a finite spherical potential well.
The inclusion of the impurity potential makes it necessary to use a variational approach to
approximate the wavefunctions and eigenvalues implied by the Hamiltonian. Taking into
account the spherical confining geometry and the hydrogenic impurity potential, we use the
trial wavefunction

ψ(r) =

⎧⎪⎨
⎪⎩

N
sin(ζ10r)

r
e−λ|r−r0 |, r � R(P)

N
sin(ζ10r)

r
eχ10(R−r)e−λ|r−r0|, r � R(P).

(7)

The binding energy Eb(R, r0) of the hydrogenic impurity is defined as the ground-state energy
of the system when the impurity is absent, minus the impurity ground-state energy ξ(R, r0),
i.e.,

Eb(R, r0) = h̄2

2m∗(P)
ζ 2

10 − ξ(R, r0, P). (8)

The application of hydrostatic pressure modifies the lattice constants, dot size, barrier
height, effective masses and dielectric constants. Next, we displayed the explicit expressions
for these quantities as a function of the hydrostatic pressure, where pressure is in kbar. The
variation of the well width with pressure is given by

R(P) = R0(1 − 1.5082 × 10−4 P), (9)

where R0 is the zero pressure width of the quantum dot, taking into account (da/dP) =
−2.6694 × 10−4a0, where a0 is the lattice constant of GaAs [19]. The variation of dielectric
constant with the pressure is given as

ε(P) = 13.13 − 0.0088P; (10)

this expression was determined from refractive index measures at T = 300 K [20].
The effective mass in the well and barrier regions changes as

m∗(P) = m∗(0) exp(0.0078P); (11)

here m∗(0) = 0.067m0 is the effective mass without pressure and m0 is the bare electron
mass [21].

We assume that the bandgap discontinuity in a GaAs–Ga1−xAlx As quantum dot
heterostructure is distributed about 40% on the valence band and 60% on the conduction band,
with the total bandgap difference 	Eg(x, P) (in eV) between GaAs and Ga1−x AlxAs given as
a function of the Al concentration x < 0.45 and the hydrostatic pressure P as

	Eg(x, P) = 	Eg(x)+ P D(x) (12)
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Figure 1. Binding energy of an on-centre donor impurity in a GaAs–(Ga, Al)As quantum dot as a
function of the dot radius for different pressures.

where

	Eg(x) = 1.155x + 0.37x2 (13)

is the variation of the energy gap difference without pressure and D(x) (in eV kbar−1) is the
pressure coefficient of the bandgap given by [21]

D(x) = −(1.3 × 10−3)x . (14)

Then the height of the potential barrier for shallow donor impurities as a function of Al
concentration x and the hydrostatic pressure is given by

V0(P) = 0.6	Eg(x, P); (15)

here we consider the Al concentration equal to x = 0.30.
With these variations the donor binding energy is obtained, for different pressures and dot

sizes, using the variational method within the effective mass approximation.

3. Results and discussion

Figure 1 shows the binding energy for an on-centre donor impurity as a function of the quantum
dot radius, for three different hydrostatic pressure values, which are P = 0, 20 and 40 kbar,
respectively. The behaviour of the binding energies without pressure (P = 0) is similar to the
previous results found in [3–5]. For all pressures we observe that the binding energy increases
from its bulk value in GaAs as the dot radius is reduced, reaches a maximum value, and then
drops to the bulk value characteristic of the barrier material as the dot radius goes to zero. This
behaviour of the binding energy as a function of the well size for finite barrier heterostructures is
known. Note that the binding energy increases with the hydrostatic pressure for any dot radius,
reflecting the additional confinement due to the pressure; this is in agreement with the results
obtained previously [17, 18]. Also, we observe that the pressure effect is more appreciable for
narrow dots, and the maximum position goes to small radius when the pressure increases.

On the other hand, in figure 2 we present the binding energy as a function of the
quantum dot radius for different impurity positions. Here we consider a hydrostatic pressure
P = 20 kbar, and the impurity is located at r0/R = 0 (on-centre), r0/R = 0.5 (on-middle) and
r0/R = 1.0 (on-edge). The behaviour of the binding energy with the radii for the off-centre
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Figure 2. Binding energy of an on-centre and off-centre donor impurity in a GaAs–(Ga, Al)As
quantum dot as a function of the dot radius under a pressure P = 20 kbar.
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Figure 3. Binding energy of a donor impurity in a GaAs–(Ga, Al)As quantum dot of radii R = 50 Å
as a function of the impurity position. Three different pressure values are considered.

impurity is similar to the on-centre case. Given any dot radius we can see that the binding
energies decrease when the impurity is displaced from the centre. Also, the maximum position
goes to small radius when the impurity tends to the edge.

The dependence of binding energy on the impurity position inside a quantum dot of radii
R = 50 Å is shown in figure 3 for three different pressure values P = 0, 20 and 40 kbar. In
each case, the binding energy for on-edge impurities is lower than for the on-centre impurity.
The binding energy decreases continuously as the position of the impurity moves away from
the centre, reaching a minimum on the edge; this is in agreement with the results obtained
previously [22, 8]. In addition, we notice from this plot that for any impurity position inside
the dot the binding energy increases with the pressure. The hydrostatic pressure effects are
seen to be more appreciable for impurities away from the edge; there, the repulsion of the
wavefunction by the potential barrier is relevant and it diminishes the confinement effect due
to the hydrostatic pressure.
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Figure 4. Donor binding energy as a function of the impurity position for GaAs–(Ga, Al)As
quantum dots of radii R = 50 and 100 Å.
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Figure 5. Donor binding energy as a function of the pressure for a GaAs–(Ga, Al)As quantum dot
of radius R = 50 Å. Three different impurity positions are considered.

Figure 4 shows the binding energy as a function of the donor position inside the quantum
dot for finite potential wells with different radii. The hydrostatic pressure is constant and equal
to P = 40 kbar. The donor binding energy decreases as the donor position increases, reaching
a minimum when the donor position is equal to the radius of the quantum dot. It can further be
noted from this figure that the variation in the binding energy with the impurity position is more
pronounced for smaller dots. This observation is in agreement with the results reported in [22]
without pressure and [17] with pressure. In this work we do not consider the non-parabolic
effects, which are important for small dots.

Furthermore, the variation of the binding energy with pressure is shown in figure 5. Here
we consider a quantum dot of radius R = 50 Å and three different impurity positions, r0/R = 0
(on-centre), r0/R = 0.5 (on-middle) and r0/R = 1.0 (on-edge). The binding energy shows a
nearly linear increase with the pressure. Note that the slope of the curve depends on the impurity
position and the smaller value is found on the edge. This curve tell us that a system that operates
under hydrostatic pressure may be used to tune the output of optoelectronic devices without

6



J. Phys.: Condens. Matter 19 (2007) 026225 S T Perez-Merchancano et al

modifying the physical size of the quantum dot. We have not considered pressures beyond
40 kbar, because of a direct to indirect bandgap transition for GaAs at about 40 kbar [23].

During the revision of the paper, we became aware of the new expressions for the lattice
constants, dot sizes, barrier heights, effective masses and dielectric constants as a function of
temperature and hydrostatic pressure [24]. Nevertheless, our main results are not significantly
modified if these expressions are used.

4. Summary

To summarize, the binding energy of donor impurities inside a spherical GaAs–(Ga, Al)As
quantum dot increases with the hydrostatic pressure for any position of the impurity. The radius
of the quantum dot with maximum binding energy depends on the pressure and the impurity
position. The hydrostatic pressure effects are less pronounced for impurities on the edge. The
slope of the curve of binding energy versus pressure depends on the impurity position.
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